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Chapter 2 Definitions and principles

An Introduction to Partial Differential Equation (PDE)

Partial Differential Equations PO Fo s B Uty oo M By o) = ¢
(PDE) L u=uxy...)

Uty + Uy =Y

First Session Contents: tye + Yy + Yxu, = fsinx
T T

1) Definitions and principles ()" + ()" =Y

2) Cauchy Problem

3) Second Order PDEs

4) Cauchy-Kowalewsky Theorem

u(x,y) = (x +y)°

Uy — Uy = @ _—

u(x,y) = sin(x — y)
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Definitions and principles Definitions and principles

Partial Differential Equation (PDE)

General form of PDE
JOo e thy gy s ey Uy Uy o) = 0 Aug, +YBuy +cuyy = ® = Du, + Euy + Fu+ G
‘H = Y . .

U= uxY, ) A,B,C andgarethefinctionof x,y ,u,u, and u,
Order of PDE: o
Definition
. . L. 1- Linear Equation
higher order of partial derivative 3. Quasi Linear Equation
v oy 2 3- Non Linear Equation

Hax £ T Xy + llyy = € 4- Homogeneous and Non Homogeneous Equations
Upry + XUy + AU =YYy ——> 3
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Definitions and principles Cauchy problem
General form of PDE
du du
Aty + YBuy, + city, = ®=Du, + Euy + Fu+ G Second order ODE —> ar ftu E)
A,B,C and garefunctionof x,y ,u,u, and u, Initial Conditions —> u(t.) = e, Z_‘:(;n; =8
Linear PDE du ,
. . . . = [t u ' (1)
If it is linear in the unknown functions and time - drr

derivatives with coefficients depending on x & y
Quasi-Linear (PDE of order m)

Ifit is linear in the derivatives of order m with u(t,) = a

coeficients depending on x & y and the derivatives wi) = ; t
of order less than m fa u(r) =7
Homogenous Questio n

If G=0 the PDE is Homogenous otherwise is called

Non- Homogenous Can we determine u at any time (off of t,) with these initial values?
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Cauchy problem Cauchy problem
Aty + By + Cuyy = F(X, ¥, 1, 10, 11)
Taylor serious expansion for solving .
the equation based on an initial points A, B andC are functionsof x,y,u,u, and u,
(1) (r)+d“ (t-t)+ V4 (r=1)" + \J'H‘ (r=1,)"+ i
u) =u(t)+ —| t-r)+ ——| (=1, i Ut . f
drl, vhdr, vhdim | T is a curve inx,y plate
e ’ Initial values on I, curve
—| = Sl ulto), (1)
dr u .
i K o r
) 5 are known auchy curve °
Need to calculate the du u ! Cauchy curve
. . = dn
higher order derivatives ar
D Question

Canwedetermine u(x, y ) based on theinitial condition on I", curve?



Cauchy problem

Autyy + By + Cuyy = F(x,y, 1, 1y, 1ty)
A,B andC are functionsof x,y,u,u, andu,
I,isacurveinx,y plate §

Xo = X.(8)
Yo = Yol3) @»w

dr

Initial values on I, curve

Cauchy curve

{ u=f(s)
au
@n =g(s)

Cauchy problem
dx dy Zs
N de __dy dy %

E:_cu_\g & Y —sino dn — ds !

ds ds y
d. dx

dy dx . oo

a:—cosé & 5:—51119 dn ds

du _ dudx  dudy _

o _ouat | Judy A 6ua‘y+6ug_
dn ~ dxdn  dydn

an dxds ad.sig
du  Oudx dudy df

du  dudx dudy df
- = = + =
ds Oxds dyds ds

@5 avds T avds  ds

dy dx

_dy dx g . . .

ds ds||"| Thisequation will have
de oyl | |4f ananswerif A =0

ds ds ds
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Cauchy problem

Taylor seriesexpansion of u(x, y ) about the point P

u(x,¥) =u(P)+ (x = x)u(P) + (y = y. ), (P) + ‘_—" [(x— x)"
el P) + (5 = )0 = 3Dt (P) + (5 = )ty (P)] + .
xx !

If we could determine theu, ,u, ,u,, ,u,, andu,

thenthe u(x,y )can becalculated as a surface in (x,y,u)space

Along the I, curve:

du _dudx  Oudy _df

u _ dudx  dudy _
T mds T ayds - ds

B " axdn  aydn *
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Cauchy problem

bysolving thisequation, u, and u, can bedetermined along theT", curve

i(iiu)_ Tude | Oudy
. . oL ds\ax! — ax"ds  dxdyds
Higher order differentiation { J(flu), Tuds  udy

ayl T axdyds T v ds

ds
. au a'u L i
The based equation — A+ B@ + CW = FOX, Y, iy 1, 10y)

dx dy
ds ds

L odx dy :L.[%:}:B%%M{%)' Thisequation will have
ds ds ’ ’ ananswer if A =0

A B C

12



Cauchy problem
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Second order PDE:s types

I? Characteristic equation |$ ,4(?)v ¥ oo,
ax

Necessary condition for second order derivative

L.

Finalsolution

BN \ A", o
w(x,y) = Z kZ: mm(r —x )y =yt

I, #thecharacteristiccurve

2

Classification of PDE’s

Three main PDE equations in fluid mechanics and heat transfer

Gee + Py = ° ——  potential flow

ty = C by ——>  Wave equation

Uy = Uyy —— Unsteady heat transfer equation

+ All of these equations are linear and second order, but they
show different physical behavior
+ The number and types of IC and BC are different for each type

T/

Canonical Forms of PDE’s

i

Aty + By + Cuyy = F(X, ¥, 1, 10, 11)

A,B andC are functionsof x,y ,u,u, and u,

+C=-

Characteristic Equation: A(Q)v - BQ

dx dx
A= B% — 4AC

A>0 = Two characteristic equations called Hyperbolic
A=0 = One characteristic equation called Parabolic

A<0Q > No characteristic equation called Elliptic

coordinate transformation for uncoupling PDEs

(x.y) = (&m)
& =cte
characteristic equation in transformed coordinate
n=cte
In the main PDE.
A>0 = Two characteristic equations
B2-4AC A=0 = One characteristic equation
A<0 => No characteristic equation
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Canonical Forms of PDEs
- i o _ 4 N\
Transformed equations in new coordinate system is defined as Canonical Form A=
dy
Yu=u. — . B=- B —fAC=-f <o =4
A>0 — Hyperbolic — g = H(E m. 1, g, uy) U= Mt by Cn dx
<|: A=0 —> Pparabolic —> g Or iy, = HE pu g, u1,) S )
A<Q0 — Elliptic — Mg+ Ugy = H(E 7w, ug, 1) - N
A=\
Uyy = Uy B —fAC = - g:D
B=C=> dx
Name of each type is based on this equation ~ <
( )\
Ax" +Bxy+Cy +Dx+Ey+F=o A=) dt
5o BofAC=t>. Sl_ .,
Uyy — Uy = © = dx
C=-\
. J
17 18
T wE T/ wE
General classification of second order PDEs Example
Aty + B, + Fu=G —
UZ{ S ; ' Yty v, + Ay, + FPlly y, = ©
e, = Uy oy, = s : i i
XX} g —> A [A:_;Jnxn Symmetric matrix YUp o, F AUy, + YUy YU =0
Eigenvalues — A-Al=-
z = Number of (eigenvalues = 0) e
p = Number of (eigenvalues > 0) A= o A v | A-U=(-DUA-DH—-1)=>-
s ¥ o A=Y,4,-\

= = = =n- Hyperboli
2=0&p=10rz =0&p=n-1 — Hyperbolic Hyperbolic Equation
z >0(‘A‘ =0) —» Parabolic
z=0&p=00rz=0&p=n — Elliptic
19 20
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Domain of dependence and range of influence
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Domain of dependence and range of influence

P df, -AB+ VB"—YAC _ Alongthefirst
dx df. - ¥ = T characteristic line
Afo+ Bf.\]‘ +Cfyy=-o * djf’x ’ Hyperbolic equation dfs c TA Al N .
-2 d —-AB- VB - ¥AC ong the secon:
d(ﬂ) = ﬁ\'xdx + fx,\'dy fo = N i = ————— —> characteristic line
A B ¢ df. [3 TA
d(fy) = fodx + fudy dx dy -
. de dy PDEs Along the characteristic lines ODEs (compatibility equations)
A B C ¥ .E p
de dy + | =0 —» @ _ Bz VB —¥AC VB' - ¥AC Characteristic equation
' "
° dx dy - For elliptic equations, there is no W
characteristic line. Thereafter all the r
domain affect point P and depend Domain of depend
A e € df, A dy onit haracteristic line
aaf - |0 > Tl =
o df, dy g
21 22
Uy = Yy — Fily, = o u(x,=)=x (%, 0) =Y \
u, = =i, +C,
¥

Slope of _B£ VB -¥AC _-vxo0 |V C" uy, = =u, + Cx
characteristics lines  ~ YA I T B
du,  —© \ 3 \ ¥
+, = — (V)= — . \, e Y==x\V+C,=C, =—-
C o 7"'(\) e = \‘M"+C‘ (v, ¢) 3 \ s
du -\ (v, = =— =
C- Il"=__\e(-\‘)=—\=M\=—u'_\+CY 2 ) T VG =Cr=x
X

i, =\ u, =Y u=x+7Yy
23 24




Computational Fluid Dynamics - Prof. V. Esfahanian

Cauchy Kowalewsky theorem

Adamar’s Counterexample for Cauchy Problem

.
Partial differential equation: Uy + Uy = ©
Uyy = (0 X0y Xy Koy ooy X My Hyy Uiy Uy ooy By, wx, s) = o
X,¢) =
S gy U ys oo Magyys M s My oo oo By, )

uy(x, ) = n"" sinnx

- - u= flr, X, x) N .
Initial conditions: fxnxe " u(x,y) = n " sinhnysinnx
uy = glxy, X, y

A theorem stating that the Cauchy problem has a (unique) analytic solution T U H g = e
locally if the functions occurring in the differential equation (or system of
differential equations) and all the initial data, together with the non- [—— . .

. t=n=e on y=-
characteristic initial surface, are analytic.
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